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5.1. Homogeneous linear differential equation of " order:

Definition 5.1.1: A differential equation of the form

dny B dn—ly dZy dy
a"xndx” + a,x' 1dx”‘1 + et an_zxzw taX o b Ay = f(x) (1)
where a;,a,, ... a,_,, a, are constants is called homogeneous linear differential

equation of n'" order and is also is called Cauchy-Euler equation.

5.1.2 Reducible to homogeneous linear differential equation of n™ order

(Cauchy-Euler equation) to linear differential equation of n™ order with
constant coefficients:

Consider homogeneous linear differential equation of n' order of the form

n dny n—ldn_ly 2 dzy dy
a, X — + a, X + o +a X— + a _,X— + a = f(x 1
0 an 1 an—l n-2 dXZ n-1 dX n y ( ) ( )
where a; , @, «oo.e. a, ,, &, are constants.

We transform the Eq. (1) to linear differential equation of n'" order with constant
coefficients by changing the independent variable x to z i.e.
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d x X
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_idf(dy)dz  1dy
xdzldz )dx x2 dz
_id(dy)dz  1dy
~ xdzldz )dx x? dz
_ldzy(EJ _ 1ldy dz _ 1
x dz?{x x2 dz X X
_1d’y  1dy
x? dz? x?dz
_ 1fd’y _ dy
x| dz? z
2 2 2 2
dy _ 1(d’y _ dy) _ ..d% _ dy _ dy
d x? x2| dz? dz d x? dz? dz
On putting da = D,
dz
. d dy dy
Since x—= = —Z2 =D .o XxX—= =D 2
d x dz y d x y @)
d’y  d’y dy
2 B 2 (N2 _
and x7_ 7 42 _Dy—Dy_(D - D)y_D(D—l)y
d’y
X2 = D(D -1 3
dXZ ( )y ()
dmy
In general, x™ = D(D -1)........ D-(m-1 4
g o (D =1)e( D =(m =1) )y )

Substitute Eqgs.(2), (3) and (4) in Eg. (1) i.e.
a,D(D -1)....(D =(n-1))y + a,D(D =1)....(D = (n =2))y +

3,D(D -1)...(D =(n-1)) +a,D(D -1)...(D = (n =2)) =+
...... + a, ,D(D-1) + a,_,D + a,
= F(D)y = f(e*) (5)

Which is the linear differential equation of n'™" order with constant coefficients in yand z

can be solved.
If y = w(z) be a solution of Eqg. (5), then the solution of Eq. (1) is

y = w(logx) (- z =logx).



Example: Solve the following

2
1. de_}; +7xd—y+5y:O
d x d x
2. x*D’y + 2x*D?y + 2y =0
2
3. X2d>2/ +2xd—y—20y=x
dx d x
d’y dy
4. x° + 5x— 4+ 4y = xlogx
d x° d x Y d
d3y 4 d%y 5dy 2
5, -2 + == _ Sy =1
dx® x d x? x? dx N
Solution:
: .., d%y dy
1. The given equation is x > + IXx— + 5y =0 1)
d x d x
This is the homogeneous linear differential equation.
Now, x = ¢€e* or z = logx

dy , d?y d
x—2 = Dy & X - D(D-1)y, |— =D
d x Y d x? ( )y

Eq. (1) becomes
D(D-1)y + 7Dy + 5y =10

= (D(D-1) + 71D + 5)y =0

= (D> - D + 7D +5)y =0

= (D* + 6D + 5)y =0 2
Which is linear differential equation with constant coefficients in yand z .
AE.ism> + 6m + 5 =0 = m*> + 5m + m + 5 = 0
= mm + 5)+(m+5 =0 =(m+1(m+5) =0
= m = -1 & m = -5. Theroots are real and distinct.
Therefore, the solution of Eq. (2)is y = c,e” + c,e>’ (3)
But z = logx, Eq.(3)becomes
ie. y = ce™™ 4+ c,e® = ce" 4+ e

= X+ ¢, x7°

-1

y = ¢, X' + ¢, x °isthe required solution of Eq. (1).

2. Thegivenequationis x*D*y + 2x* D’y + 2y =0 (1)



This is the homogeneous linear differential equation.
Now, x = e* or z = logx

. xDy = D,y, ¥ D*y = D,(D, -1)y &

x* D’y = Dl(Dl _1)(Dl_2)y( % =

O
Ro
I
Y
~—

EqQ. (1) becomes
D,(D, -1)(D, —2)y + 2D,(D, -1)y + 2y =0

= (D,(D, -1)(D, —=2) + 2D,(D, -1) + 2}y =0

= (( D} =D, )(D, -2) +2( D} -D, ) + 2)y =0

= (D} - 2D} - D} + 2D,+2Df - 2D, + 2)y =0

= (D - D} + 2)y =0 2
Which is linear differential equation with constant coefficients in yand z .
AE.ism® — m®> + 2 = 0 acubicequation.

letm=1 1 -1+ 2 = 2 %0 isnotaroot
& m=-1 -1-1 4+ 2 = 0 isaroot

By Synthetic division,
1 -1 0 2
-1 -1 2 -2

1 -2 2 0
The cubic equation can be rewrittenas  (m + 1)(m* — 2m + 2) = 0

> m= -1 & m = 1#i
One root is real and other root is complex i.e. it occurs in pairs.
Therefore, the solution of Eq. (2)is y = c,e”

z

+ e’ (c,co5z + ¢,sinz) (3)
But z = logx, Eq.(3)becomes
ie. y = ce™ + e (c,cos(logx) + c;sin(logx))
= c,e™ + e (c,cos(logx) + cysin(logx))
= ¢, X!

+ x(c,cos(logx) + cysin(logx) )
' X)

y = ¢ X'+ x(czcos(logx) + ¢;sin(log )isthe required solution of Eq.

(1).

o d%y

X2

3. The given equation is x + 2X% - 20y = x. 1)
X

This is the homogeneous linear differential equation.
Now, x = ¢€e* or z = logx



dy 2
“X—— = D & X = D(D -1 =D
d x y d x? ( )Y ( ]

Eq. (1) becomes
D(D -1)y + 2Dy — 20y = e’

= (D(D -1) + 2D - 20)y = e’
= (D* - D + 2D - 20)y = ¢

= (D* + D - 20)y = ¢ ()
Which is linear differential equation with constant coefficients in yand z .
AE.ism> + m — 20=0 = m?> + 5m —4m—- 20 = 0
=m(m+ 5)-4m+5 =0 =>(m-4)(m+ 5) =0
= m = 4 & m = -5,theroots are real and different.
C.F. = c,e” + c,e™
& Pl = —* et = 1 o
D°+ D - 20 L+ (1) - 20
1 z 1 . 1 .,
1+ 1 - 20 —-18 18
The solutionof Eq. (2)is y = CF. + P.L
1
= c,e” + c,e” - —e’ 3
1 : T ©
But z = logx, Eq.(3)becomes
. 1
ie — C e4Iogx + C e—SIogx _ _elogx
y 1 2 18
4 -5 l
— C eIogx + C eIogx _ _elogx
1 2 18
1
= ¢, x" + ¢, x° - =x
1 2 18
y = ¢, x* + ¢, x7° %xisthe required solution of Eq. (1).
. o d’y dy
2 —
4.  The given equation is x v + SXR + 4y = xlogx. 1)

This is the homogeneous linear differential equation.
Now, x = e* or z = logx
dy ,d%y d
“X— =D & x— = D(D -1 — =D
d x Y d x? ( )Y dz
Eq. (1) becomes
D(D -1)y + 5Dy + 4y = ze’



= D(D-1)y + 5Dy + 4y = ze’
= (D(D-1) + 5D + 4)y = ze
:(DZ—D+5D+4)y=zeZ
=

z

(D* + 4D + 4)y =e”

= (D + 2)y =¢¥ 2)
Which is linear differential equation with constant coefficients in yand z .
AE.is (m + 2)2 = 0 = m = -2, —2. Theroots are real and equal.

CF = (¢ + c,z)e™
& Pl = ;zzeZ = e’ L 5z
(D + 2) ((D+1) + 2)
2 1 2 1
( D + 3) D°+6D + 9
2 1 2 1
= e D7 6 z = e e z
Ot + —+ D) 911 +| — + 5D
9 3
e’ 2 o O\ e’ D2 2
= |1 +| —+%2D|| z = =1 -| =+ 2D||z
9 3 9 3

9 9 9
e’ 2 e’ 2 e’ |3z -
= —\|z -0-—-| = —|2 - - | = —
sl Sl S-S
eZ
= —(3z -2
27( )
The solution of Eq. (2)is y = C.F. + P.L
_ -2z ez
= (c, + ¢, z)e* + E(Bz - 2) )

But z = logx, Eq.(3)becomes
log x

© - (3(logx) — 2)

ie. y = (c, + c,(logx))e o +

log x

e
3l -2
(3log x )

= (c, + c,logx)e™ " +

= (¢, + c,logx)x? + 2—X7(3Iogx - 2)



y = (c1 + ¢,log x)x’2 + 2—)(7(3Iogx — 2) is the required solution of

Eq. ().

3 2
5. The given equation is dx{ _4d’y  5dy %

3 2
Oy e dY ) e DY

d x dx dx
This is the homogeneous linear differential equation.
Now, x = ¢€e* or z = logx

2
py, ¢4Y - p(p-1)y &

Multiply by x® i.e. X

>
I

d x°
Eq. (1) becomes
D(D -1)(D -2)y - 4D(D —1)y + 5Dy — 2y = (e*)’

= (D(D -1)(D -2) - 4D(D -1) + 5D - 2)y = e*
= ((D*-D)(D-2)-4(D*-D) +5D -2)y =&
= (D° - 2D* - D* + 2D — 4D’ + 4D + 5D - 2)y =e¥
= (D°- 7D* + 11D - 2)y =¢¥ (2)
Which is linear differential equation with constant coefficients in yand z .
AE.ism® — 7m* +11m - 2 = 0 acubic equation.
Letm = 1, 1 - 7 + 11 — 2 = 3 = 0 isnotaroot.
m=-1 -1-7 —-11 - 2 = -21 # 0 isnota root.
& m=2 8 -28 + 22 -2 = 0 isaroot.
By Synthetic division,
1 -7 11 -2
2 2 -10 2

1 -5 1 0

The cubic equation can be rewrittenas  (m — 2)(m2 - 5m + 1) =0
5+ 21 21
—m=-2&m=>33¥2 _ 5, JA
2 2 2
One root is real and other root is irrational i.e. it occurs in pairs.

5, 24 5 21,

RS s
CF. = ce? + c,e® *) 4+ ¢c,e® 7



5, 2, I
= c,e” + e2|c,e? + cye 2
& PL = — - 1 e = — - 1 e®
D° - 7D’ + 11D - 2 (3 - 73 + 11(3) - 2
— 1 3z — ie32 — _leSZ
27 - 63 + 33 - 2 -5
The solutionof Eq. (2)is y = CF.  + Pl

But z = logx, Eq.(3)becomes
5 A}21 21
. 2 logx N2 ogx — N5 ogx 1
ie. y = ¢ e’ + e? (cze2 + cye ? J — =g

Xes e
= c,e" 4 g 1oor” (Cze"’gx g + ¢, el d

5 NED Nz
= ¢ X° + xé[czx 4+ C, X gj -

V2 2 : : .
y = ¢, x> + X2 [czx 2 + C; X KJ — %x3 is the required solution of

Eq. (1).

Definition 5.1.3 : A differential equation of the form

n n-1 2
a,(a+ bx)nu + a(a+ bx)”_ld—}i ot Ay, (@ bx)Zd—BQ
dx" dx" d x )
+ a, ,(a+ bx)ﬂ +a,y = f(x)
d x
where a,,a , ... a, ,,a and a,b are constants is called homogeneous linear

differential equation of n'" order and is also is called Legendre’s form of equation.

5.1.4.Reducible to homogeneous linear differential equation of n™ order
(Legendre’s form of equation) to linear differential equation of n™ order with
constant coefficients:

Consider homogeneous linear differential equation of n™ order of the form



n n-1 2
a,(a+ bx)' gx{ + a,(a+ bx)“_l% ot A, (@ + bx)zj—x);

)

dy
b = f
+ a,.,(a+ X)dx +a,y (x)
where a, , a, ,

a,_,, a,and a, b are constants are constants.

We transform the Eq. (1) to linear differential equation of t

n" order with constant
coefficients by changing the independent variable x to z i.e.
a+bx=e orz =log(a+bx) andﬂz b
d x a+ bx
Now, dy:dydz =ﬂ, b
X z dx dz (a+ bx
ay _ b dy :(a+bx)dy = bM
dx a+ bx z X dz

z
_ b d?y b B b? dy (.. dz _ b
a+bx)dz?|la + bx (a + bx)* Jdz B

d’y d’y dy
a + bx)’ = b’ -
= ) d x? [dz2 z
. d
Onputting — = D,
dz
Since (a+bx)gi = bd—z = bDy (a+bx)oIy = bDy (2



2 2
and (a+bx)2§'X{ = bz[gzﬁ'—ji’] = b*(D’y -Dy )=b*(D*- D)y = b'D(D 1)y
2
. (a + bx)’ SX{ ~ b’D(D ~1)y 3)

Ingeneral, (a + bx)" : )n: = b"D(D -1).cccc
X

Substitute Egs.(2), (3) and (4) in Eg. (1) i.e.

a,b"D(D —1)..(D —(n-1))y +ahb"'D(D -1)
...... + a, ,b’D(D -1)y + a, ,bDy + a,y = f(e b_a]
( a+bx =¢ = x = ez—aj
b
a,b"D(D -1)..(D - (n-1)) + ab"'D(D -1)..(D -(n -2)) f(ez_a
= =
+ e t @, ,b°D(D -1) + a,_;bD + a, ! b
e’ —a

= F(D)y = f( . j (5)

where
F(D) = ab'D(D-1).(D-(n-1)) +ab"D(D -1).(D -(n -2))
+ a, ,bD(D-1) + a, ,bD + a, '
Which is the linear differential equation of n"" order with constant coefficients in yand z

can be solved.
If y = ¢(z) beasolution of Eq. (5), then the solution of Eq. (1) is

y = ¢(log(a + bx)) (. z =log(a + bx)).

Example: Solve the following
d’y dy
1. (5+2x)°—2 —6(5+2x)-2 + 8y =0
( ) dXZ ( )dX y
dy 36y - 0

2. (3x +2 )2;')(2

Solution:
. o 2 d?y dy
1. The given equationis (5 + 2x) Fraie 6(5 + 2X)H +8y =0 (1)

This is the homogeneous linear differential equation.



Now, 5+ 2x =¢e° or z = log(5 + 2x)
d 2 d?

<

o (5 + 2x) = 2Dy & (5 + 2x)

o
>

T - 2°D(D -1)y (dd— = D&b:2]

2
= (5+2x):—X - 2Dy & (5+ 2x ¥ = 4p(D -1)y

Eq. (1) becomes
4D(D -1)y — 6(2Dy) + 8y =0
= (4D* - 4D -12D + 8)y =0
= (4D* - 16D + 8)y = 0

(2
Which is linear differential equation with constant coefficients in yand z .
AE.is 4m*> — 16m + 8 = 0 = m*> — 4m + 2 =0
= m = 2 + /2, theroots are irrational.
Therefore, the solution of Eq. (2)is y = cle(z“ﬁ)Z + cze(zf‘ﬁ)Z

= e“(cleﬁZ + cze’\ﬁz) (3)

But z = log(5 + 2x), Eq.(3)becomes
ie. y = e2'°9(5*zx)(cleﬁ")Q(S”X) + cze’ﬁ“@’(s”x))

_ elog(5+2><)2 (Clelog(5+2x)’ﬁ + Cze|og(5+2x)ﬁ)
- (5+ 2x)2(c1(5 + 20" 4 e 5+ 2x) "

y = (5+ 2x)2(cl(5 + ZX)ﬁ + ¢, (5+ 2X)ﬁ) is the required
solution of Eq. (1).

. o 2 d%y dy
2. The given equationis (3x + 2 )" —% + 3(3x + 2) 36y

2 ax =0 (1)
This is the homogeneous linear differential equation.
Now, 3x + 2 =¢€* or z = log(3x + 2)
Lo(3x 4 Z)j—z = 3Dy & (3x + 2)22—2)(2 = 3’D(D -1)y [% = D&b:3j

dy 2 d%y

= (3x + 2)—= = 3Dy & (3x + 2) > = 9D(D -1)y

d x dx

Eq. (1) becomes
9D(D -1)y + 3(3Dy) — 36y =0

= (9D* - 9D + 9D - 36)y = 0

= (9D - 36)y = 0 )



Which is linear differential equation with constant coefficients in yand z .
AE.is9m*> — 36 =0 => m> — 4 =0 =m’ = 4

= m = =+ 2 ,theroots are real and different.

Therefore, the solution of Eq. (2)is y = c,e** + c,e?’ (3)
But z = log(3x + 2), Eq.(3)becomes

2log(3x + 2) 2log(3x + 2)

le. y = ce + C,e

log(3x + 2)2 log(3x + 2)’2

= c,e

= ¢ (3x+2)° + c,(3x+2)”

+ c,e

y = ¢ (3x+ 2)2 + C,(3x + 2)_2 is the required solution of Eq. (1).
2
3. The given equation is ( x + a)z% - 4(x+ a)% + 6y = X (1)
X X
This is the homogeneous linear differential equation.
Now, X +a=¢€ orz =log(x + a)
dy 2 d%y ) d
“(x+a)— =1Dy & (x+a) — =1D(D-1 — =D&b=1
( )dX y ( ) dXZ ( )y dZ
dy 2 d?y
X+ a)— = Dy & (x + a = D(D -1
= (x+a)s - pya(x+ayit - p(D-1)y

Eq. (1) becomes,
D(D -1)y — 4(Dy) + 6y =¢e” —a (v x +a=¢’)
= (D(D -1) — 4D + 6y) = ¢’ —a
= (D*- D - 4D + 6)y =¢' —a
= (D*-5D + 6)y = e’ —a )
Which is linear differential equation with constant coefficients in yand z .
AE.is m> -5m +6 =0 = (m - 2)(m - 3) =0

= m = 2, 3 ,theroots are real and different.
CF. = c,e” + c,e”
1
& Pl = e’ —a
W—5D+6( )
1 , 1
= ) el — > a
D -5D + 6 D -5D + 6
1 z 1 0z
= ) el — > e
D -5D + 6 D -5D + 6
= 1 eZ — a 1 eOZ

(1)° -5(1) + 6 (0)" = 5(0) + 6



1 1

z

= e’ - a—F——
1-5+ 6 0-0 + 6
1, a
= — e [ —
2 6
The solutionof Eq. (2)is y = CF + P.L
1 a
= c,e? + c,e* 4+ Zer - = 3
1 : > ; ©
But z = log(x + a), Eq.(3)becomes
. _ 2log(x + a) 3log(x + a) 1 log(x + a) a
ie. = c,e + c,e + e - =
y 1 2 5 5
_ Clelog(x+a)2 + Czelog(XJra)3 + lelog(x+a) E
2 6
= c(x+a) + c,(x+a) + %(x+a) - %
y =c(x+a) + c(x+a) + %(x +a) - % is the required solution
of Eq. (2).
5.2.Derivation of Condition for Exactness of the Linear Differential
Equations:
d’y d’y dy

Where PR, , R ,P,, P, are functions of xor constants.

If it is an exact differential equation it must have

equation of next lower order, simply by differentiation.

3 d2y
p.— 7%
0dx? X

Let us assume the solution of the differential equation (1) be

d? d
Pod—)gg + Qld—i + Q,y :If(x)dx+c

been obtained from an

Since the first term is

9°Y Wwhich can be obtained by differentiation of POF :

()

We now find the condition of exactness by using the fact that, differentiating (2) is

given by (1).



&y prdly d’y , o' dy vl =
{Podx3+P°dx2}+{Ql +Q,—> } {Qz +Q2y}_ f(x)

Rearranging the terms

: d’ - d’ ' d :
o nh [ [ol 0] -t @
3 2
Comparing (1) and (3) i.e. coefficients for d g d {d—y Y
dx’ dx° dx
R= R
I:}._po_'_Ql
P2:Q1+Q2
R =Q,

P2:Q1+Q2:>Q2:P2_Q1: Pz_(Pl_PO):PZ_(Pl_PO)
=P -P,+P,

"~ Q,= P -P, + P,

S Y IS S

. P,=P,-P, +P,
- P,-P,+P.-P, =0 (4)
The given equation (1) satisfies the above condition i.e. (4) then the differential

equation is said to be exact and its solution i.e. equation (2) becomes

d2 d o
Pdey (P P)di+(P2—Pl+ Po)y=jf(x)dx+c (5)

This is the solution of equation (1).
2

Example-1: Show that the equation sin xj 32/ — COos xd—y + 2ysinx= 0 is exact.
X X

Solution: Here R, = sinx, B =-cosx, P, = 2sinx.



Since the equation is of second order, the condition for exactness is

P-P +P =0.

Now P, - P, + F>0 = 2sinX—sinx — sinx
=2sinx—2sinx = 0
= the equation is exact.

2
d_Z —~ 3xd—y — y =0 is exact and solve.
dx dx

Solution: Here P, =1+x*, P =3x, B, = 1.

Example-2: Show that the equation (1 - x°)

Since the equation is of second order, the condition for exactness is

P-P +P =0.

Now P,-P, + B, = -1+3-2=3-3=0

= the equation is exact.

Therefore the solution is Pog—y + ( P-P )y = [odx +c,
X

= (1—x2)¥+(—3x+2x)y:j0dx+ c,

X
dy
= (1-x*)=—L-xy=¢
(1-% ) —xy=c
dy X C,
= — - =
dx 1-x T 1-%
Which is linear differential equation of the form % + Py = Q with
X
X c
P=- , Q=—21
1-x Q 1-%°
pax [~ udx S0g(L-X) log(1-" ) :
Now I.F. :eI Y =g :(1_X2)2

and the solution is

y(1F.)=[(1F.)Qdx + ¢,

oo (10 J- [ -0 | o Jox o




or y\/].—xz - J.\/]_—xz [1_(:1X2jdx + C,

=y l—xzzj 161 =dx + ¢,
- X

dx + ¢,

= yJl-x =¢

= yJl-x =c¢sinTx+¢,
This is the required solution.

2
Example-3:Solve de_)zl + xﬂ —y=x.
dx dx

Solution: Here P, = x*, P, =x, P, =-1.
Since the equation is of second order, the condition for exactness is

p-R + R =0,

Now P, — Pll + F}J" = -1-1+2 =0 = the equation is exact.

Therefore the solution is F’o% + ( R - Po' )y = _|.x3 dx+c,
X

= xz—y+(x—2x)y:—+c1
X
dy x*
= X*—= —-Xy=—+c¢
ax VTG
2
— ﬂ_ly:X_Jrﬂ.
dx x 4 X

Which is linear differential equation of the form Ix
X

X2
P=-2, Q="

dex_

14 -1
Now L.F. =e o x AX_ logx _ Jogxt _ -1 1
X

and the solution is

y(1F.)=[(1F.)Qdx + ¢,



X c
=>Yy=—-—+CX.
8 2x

This is the required solution.

3 2
Example-4:Solve (1+x+x2);j {+(3+6x)%+6% - 0.
X X X

Solution: Here P, = 1+ x+x*, B =3+6x, B, =6,R =0 .
Since the equation is of third order, the condition for exactness is

PP+ R~ =0.

Now P, — le + Plu - Pom =0-0+0+ 0 =0 = theequation is exact.

Therefore the solution is

d2 N C
Pdeg +(Pl—P )d—i+ (P2 P+ Po)y:cl

0

:>(1+x+x2)d2y + (3+6x—(1+2x))ﬂ+ (6-6+2)y=c
d x? d x '

2
:>(1+x+x2)d Y4 (2+ 4x)ﬂ+ 2y = c, which is second order.
dx dx

Again, here P, = 1+ x+ x>, P =2 +4x, P, =2 and the condition

for exactnessis P, - Pll + F{) =0.
Now, P, - Fil + Fg =2-4+2=0= theequation is exact.

Therefore the solution is

d ]
Od_z +(P1—Po)y =.|.cldx+ c,

:>(1+x+x2)% +(2+4x - (1+2x))y = ¢, x+¢c,

:>(1+x+x2)% + (1+2x)y = ¢, x+¢,



:%[(1+x+x2)yJ = ¢, X +C,

:((1+ X + xz))y = j(c1x+c2)dx+c3

X2

= (1+x+x)y= QT GX TG

This is the required solution.

5.2.1.Extension for Condition of Exactness

Condition for Exactness of the n™ order Linear Differential Equations:

Consider the n™ order linear differential equation of the form

dny dn—ly dn—Zy

+ P FE + Pzdxn_z ........ +Pyy= f(x) (1)

POdxn

1

Where B, , R P, , .. P, are functions of x.

5.2.2.Derivation of Condition for Exactness:
If it is an exact differential equation it must have been obtained from an
equation of next lower order, simply by differentiation. Since the first term is
n-1

n
R d—%’ which can be obtained by differentiation of R y
d x d Xn—l

Let us assume the solution of the differential equation (1) be

d n-1 d n—2 d n-3

y
d Xn—3

y
d x"2 e

y+Q1

p.— 2
den—l

(2)
j f(x)dx+c
We now find the condition of exactness by using the fact that, differentiating (2) is

given by (1).



n—l n—1 . n-2
P an d d Q. d y .
Od dX_1 dx_1 d x"2

it

anging the terms

d"y - d"ly -
" P [P‘) ’ Ql} ax 1 [Ql ’ QZ}

|:Q2+Q3i|dn\};+ ........ +|:Q

X

[QZ‘FQS}%*_ +[Qn2+
dx

R= R
Pl_Po"'Ql
P=Q,+Q,

PZZQ;+Q2:> sz Pz_Q;

PZ_(Pl_P:)):

© Q,= P, -P,— (-1) ¥,

Similarly Q.= P, —P,+ P. —

y
dxn_2 ’
dy '
_+ J—
n-2 + Qn_l} dX Qn—ly
dy
Q| T+ Quy=1(x) O
n n-1
: ) s y
xn dxn—l
n-1
_(_1)HP0
P, - (P;_ P;) = P, —P;+ P;

(1) Py



But
P-0Q = (Pnl P 4 Py ~ (-1) (”l)ng‘l)
S P -P P e + (1) "R
P =P~ P, 4P, g + (1) "Rl
— P - P 4P, =P o — (-1)"P) =0 (4)

The given equation (1) satisfies the above condition i.e. (4) then the differential

equation is said to be exact and its solution i.e. equation (2) becomes

n-1 , n-2 , Y
Po—d {+(P1—P0)d—32’+(P2—P1+ Po)d—§.+ .......
dx"™ dx"~ dx"~ (5)
; (PrH P Py - (-1) (”1)1P3‘1) y =[f()dx+c

This is the solution of equation (1).



